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Abstract

This paper studies high-order wavelets of the first-order hyperbolic, Choi—Williams (CW) and nth-order hyperbolic
kernels for analyses of digital time series, by using their second- and higher-order derivatives. For time-domain
investigations, normalisation constants of the second-, fourth-, sixth-, eighth- and tenth-order hyperbolic and CW wavelets
are numerically given. For frequency-domain investigations, wavelet parameters including band-peak frequencies,
minimum numbers of sampling points, scale limits, scale resolutions and total number of scales are explicitly given and
numerically estimated for the fourth-order hyperbolic and CW wavelets. Parameter comparisons among the Morlet
wavelet, hyperbolic and CW second- and fourth-order wavelets are also given. Detection of periodicity and chaos in the
Duffing oscillator is discussed.

Crown Copyright © 2007 Published by Elsevier Ltd. All rights reserved.

1. Introduction
1.1. Motivation

Time—frequency signal processing has been one of the main areas in signal processing for many years.
Cohen’s generalised time—frequency distribution has been well known and found many applications [1,2]. The
most useful feature of Cohen’s time—frequency distribution is the involvement of a kernel function ®(0,7)
which uniquely determines properties of its time—frequency distribution. A number of kernels have been
proposed over a time period of nearly 50 years in which the unity kernel, Wigner—Ville @(0, 1) = 1, is the
simplest. In 1989, Choi—Williams (CW) kernel [3] was proposed and shown to be more effective in cross-term
suppression than Wigner—Ville kernel. In 1995, Costa and Boudreaux-Bartels [4] proposed a multiform tiltable
exponential kernel which further improves cross-term suppression and auto-term support. However, various
types of this kernel cannot be explicitly derived. The first-order hyperbolic kernel ®(0,7) = [sech(f67)]" ="' and
hyperbolic kernel family [5] were proposed and have been shown to be more effective than CW kernel in terms
of cross-term suppression and noise robustness. A complete survey of all kernels for Cohen’s generalised
time—frequency distribution is given in Refs. [1,2,5].
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To be an admissible kernel, @(0,7) must satisfy seven constraints that were extensively investigated in
Refs. [1,2,5-8]. Typical examples on kernel-wavelet relations were shown in Ref. [9] for the first-order
hyperbolic and CW kernels on one hand, and for the hyperbolic and Mexican-hat (CW) wavelets on the other
hand, in which the kernels’ negative second-order derivatives were employed to obtain the two wavelets.
Because of its locality and positivity in the frequency domain, the second-order kernel derivative, called
Laplacian operator V> = 8%/0x”+0%/dy” [10,11], has been used to detect image zero-crossings and intensity
changes. It was also shown by Marr that the operator can be tuned to detect fine changes such as edge
detection in images, moreover, it is a differential operator which allows explicit calculations of higher-order
derivative functions. The works reported in Refs. [5,9] have motivated further studies on higher-order
derivatives (higher-order Laplacian operators) of the first-order hyperbolic, CW and nth-order hyperbolic
kernels. This might also lead to discoveries of new kernels and wavelets, and consequently, opens up new
research directions on wavelets and their useful applications. It should also be stressed that currently there are
two symmetrical wavelets that have been widely employed, namely Morlet and Mexican-hat wavelets. Thus
proposals of new symmetrical wavelets play an important role in possibly improving previous results obtained
by using the Morlet and CW wavelets.

According to Addison et al. [12], symmetrical wavelets including Morlet and CW which may be con-
sidered as second-order wavelets generated from their corresponding kernels, have often been overlooked
in the literature even though they have found many applications in various disciplines, in particular
detection of coherent structures in turbulence and in ECG signals [13]. Thus it is believed that there are
still new ideas and further improvements in using higher-order symmetrical wavelets. The aims of this paper
are as follows. Firstly, to show that high-order derivatives of admissible kernels used in Cohen’s
time—frequency distributions are admissible wavelets. Secondly, high-order hyperbolic and CW wavelet
parameters including band-peak frequencies, minimum numbers of sampling points, scale limits, scale
resolutions and total number of scales are numerically estimated and rigorously compared using typical values
of wavelet parameters § and o.

This paper extends the work carried out in [9,14] and reports new results on high-order symmetrical
hyperbolic wavelets, which can be used to analyse digital time series. The paper is primarily devoted to
investigate in detail these wavelets’ mathematical properties by explicitly deriving and numerically estimating
their useful parameters as outlined in detail in Ref. [14]. In view, this paper can be considered as the
foundation for further work on higher-order hyperbolic wavelets in one hand and on other higher-order
symmetrical wavelets such as Morlet wavelet in the other hand. In addition, the paper is also devoted to
explain the origin of these wavelets and their close relations to kernels used in Cohen’s time—frequency
distributions.

1.2. Paper structure

The paper can be divided into two parts. The first part discusses time-domain properties of the hyperbolic
and CW high-order wavelets by checking their zero-mean admissibility constraints, calculating normalisation
constants and presenting graphical plots. The second part explicitly calculates and numerically estimates the
hyperbolic and CW wavelet parameters including band-peak frequency, minimum number of sampling points,
scale limits, scale resolution, maximum number of scales and total number of scales. The Duffing oscillator is
used as a case study to show the effectiveness of hyperbolic and CW high-order wavelets. There are three
different high-order wavelet types which are generated from three kernels: first-order hyperbolic, CW and nth-
order hyperbolic, in which the first two will be extensively studied. The last wavelet type is explicitly given in
terms of the kernel order n and not numerically estimated.

The paper is organised as follows. An important relation among kernels and wavelets is discussed via the
meaning of kernels” even-order derivation (Section 2) and positive concavity (Section 3), from that, admissible
wavelets can be identified. Hyperbolic and CW wavelet normalisation constants are numerically estimated for
p =1 and o = 2. Sections 4 and 5 explicitly derive high-order hyperbolic and CW wavelet frequency
parameters which are also numerically estimated in Section 6. Section 7 studies Duffing oscillator using high-
order hyperbolic and CW wavelet transforms and wavelet power spectra. Section 8 concludes main ideas that
have been discussed in the paper and briefly outlines future work.
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2. Relationship between time—frequency kernels and wavelets

The second-order derivatives of the first-order hyperbolic and CW kernels are symmetrical and satisfy an
admissibility constraint of having zero areas under their graphs as explained in Ref. [9]. The zero-mean
admissibility constraint, which is the wavelet’s area under its graph, must be zero and is given by [1,2,9,15,16]

+00
Y(r)de =0, (1)
—0o0

where Y/(¢) is the wavelet function.

It is important to stress that not all functions that satisfy the admissibility constraint given by Eq. (1) are
admissible wavelets. Moreover, to be an admissible wavelet, a function must have finite energy, i.e. finite time
support. The simplest wavelet, Haar, comprises of two rectangular square waves of finite time support [15,16]
from 0 to 1. The periodic sinusoidal function, which has been used in Fourier series expansions and Fourier
transforms, even though meets the admissibility constraint, cannot be considered as an admissible wavelet
because of its infinite energy and time support. For completeness, the continuous wavelet transform of a
function x(7) is given by

+00 t—b
where /((t—b)/a) is the wavelet function.

The Mexican-hat (Choi—Williams) wavelet and second-order hyperbolic wavelet [9,13] were generated by
taking negative second-order derivatives [15] of the CW and first-order hyperbolic kernels, respectively. To be
an admissible kernel, a function must meet kernel admissibility constraints which are given as [1,2,5-8]

. Kernel function, @(0,7), is independent of time ¢,

. Kernel function is independent of frequency o,

. @(0,0) =1 for all 6,

. @(0,7) =1 for all 7,

. Kernel function must be real, i.e. ®(0,1) = @*(—0, —1), where

. d
—
500,

ek

indicates the complex conjugate,

AN N AW~

=0, Vb,
=0

=0, V1.
0=0

]

. d
3209

To obtain admissible wavelets, there are two main issues that need to be considered

e Why have second- and even higher-order kernel derivatives been used? It should be noted that the first- and
odd higher-order derivatives have not been considered;
e Why has “negativity” been employed?

To answer the first question, consider the Fourier series expansions of a function f{x) which are given by
Egs. (3) and (4), respectively [17]

+00 nm
Foaa) =3 _brsin(T ). 3
where b,’s are Fourier expansion coefficients, and

+00
JSeven(X) = a0 + Z @, COS (% x) , 4)

n=1

where L is the half period of f(x), ay and a,’s expansion coefficients.
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From Eq. (3), it is clear that when f{x) is odd, it is approximately represented by a sum of odd sinusoidal
functions, which have infinite energy, and therefore is not an admissible wavelet function. Thus, admissible
wavelet functions must not be odd functions which means that odd-order derivatives are not admissible wavelets
and will not be discussed in this paper. The answer to the second question will be given in the next section.

3. Time-domain investigations of hyperbolic and CW high-order wavelets

In this section, normalisation constants of the hyperbolic and CW wavelets with orders 2—10 numerically
estimated for f = 1 and ¢ = 2. Wavelets with orders 2-10 generated from the nth-order hyperbolic kernel are
explicitly expressed, but their explicit normalisation constants are not given due to extensive mathematics which
is beyond the scope of this paper. For all graphs in this section, the typical value of f = ¢ = 1 is employed for
the hyperbolic and CW wavelets, and normalisation is not included since it is intended to show the true wavelet
peaks at the origin. The nth-order hyperbolic, first-order hyperbolic and CW kernels are given by

Pry_4(1) = [sech (B1)]", (5)
where n = 1 corresponds to the first-order hyperbolic kernel, and
Pew(t) = exp(—1 /o), (6)

where f# and o are the hyperbolic and CW kernel control parameters, respectively.
The second-order derivatives of the first-order hyperbolic and CW kernels are explicitly given by Egs. (7)
and (8), and graphically plotted in Fig. 1

W o (1) = B* (sech (Bo)[tanh (B1)]* — sech (B1)(1 — [tanh (B)T?)), (7)

Hypl_2

—1 2"/ (=5 +28)
Néwa a2

Wewa(1) = , )

where N{i[ypl , and Ny, are normalisation constants of the second-order hyperbolic and CW wavelets,
respectively.

Negative Second Derivatives of Hyperbolic and CW Kernels
2

1.5

Fig. 1. Negative second derivatives of the first-order hyperbolic and CW kernels for f = o = 1.
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To be an admissible wavelet, a function must satisfy the admissibility constraint given by Eq. (1) of having a
zero area under its graph or zero mean [9]. For the second-derivatives of the first-order hyperbolic and CW
kernels, their admissibility constraints are explicitly given as follows:

CH2_Contraint = / i B* (sech (Bt)[tanh (B1)]* — sech (B1)(1 — [tanh (B1)])) dt = 0, 9)

B
o0 NHypl_Z
and

T 1 267/~ 4+ 21)
—00 NJCW2 62

CCWZ_Constraint = dr= 0» (10)

which show that these derivatives are admissible wavelets.
The square normalisation constant of a wavelet y/(¢), which is proportional to its total energy, is calculated
by using the following formula [15]

(control_parameter) 2 _ +oo 2 - too >
(Nwavelet_name ) - [lp(t)] dt=2 0 [l//(l)] dr. (11)

It should be noted that normalisation constants are employed so that wavelets have unity peaks at the
origin. For the Mexican-hat wavelet, the control parameter value of ¢ = 2 is used which approximately yields

its normalisation constant of Ng;? = n!/*y/3/2 ~ 1.153. For other values of o, the CW normalisation

constant Ny, s given as
(News) =2\ (1)
cw2/) — o\ 20

Similarly, for f =1, the second-order hyperbolic wavelet normalisation constant is given by
N ﬁ:y:)l_z = 4/14/15 ~ 0.97. For other values of 8, the second-order hyperbolic wavelet normalisation constant

B . .
N {{ypl , 1s given as

14p°
(Ngypl_z)2 = l—g (13)

The third-order derivatives of the CW and first-order hyperbolic kernels are given as

B sinh (B1) ([cosh (B1)]* — 6)
- [cosh (B0)]*

Was(t) = ; (14)

—12/0 2
Wewi =< (3-22) 15)

For ¢ = f = 1, graphical representations of Eqs. (14) and (15) are given in Fig. 2. As can be seen, both
third-order derivative functions have zero peaks at the origin, i.e. f(x) = —f(—x), which clearly are odd
functions. Since it is necessary that a wavelet possesses a non-zero peak at the origin so that it is “‘continuous”
at t = 0, these derivative functions are not useful as explained earlier in Section 2. Mathematically, the fourth-,
sixth-, eighth- and tenth-order derivatives of the hyperbolic and CW kernels are given by Egs. (16)—(23),
respectively

W na(t) = B* sech (Br){—20[sech (B1)]* + 24[sech (81)]*}, (16)
/¢ 2 4
Wewstn =2 (3- 2045, (7
6 (Icosh (B0)]® — 182[cosh (BN)]* + 840[cosh (B’ — 720)
WH6(Z) - ﬁ ( [COSh (/),t)]7 5 (18)
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Third Derivatives of Hyperbolic and CW Kernels

Value

Fig. 2. Third-order derivatives of the first-order hyperbolic and CW kernels for f =0 = 1.

ge~"/° 902 60 8¢
WCW6(I) = © 3 <—15 +—— 5 _3>9 (19)

o o o o

cosh (B1)]® — 1640[cosh (B1)]° + 23, 184[cosh (B1)]* — 60, 480[cosh (B1)]* + 40, 320
W as(t) = £° <[ (B1)] [cosh (B1)] [ gﬁ ) [cosh (B1)] ) (20)
[cosh (S1)]
16e /7 8402 84014 22415 164
Wews(f) = —— (105— R +—4), 1)
o g g g
[cosh (B£)]'" — 14, 762[cosh (B1)]* + 599, 280[cosh (B1)]°
W iio() = B —3,659,040[cosh (1)]* + 6,652, 800[cosh (81)]* — 3,628,800 |, (22)
[cosh (Bn)]"!
_32¢"/° 94502 12,600¢* 5040/ 72078 3210
Wewio(0) =e—5(94s— | 12,6007 504068 72087 32t ) (23)
o o (ox o~ o o

By using similar mathematical techniques carried out in Egs. (9) and (10), it is clear that the above functions
meet the admissibility constraint imposed by Eq. (1) and hence they are admissible wavelets which are plotted
in Figs. 3-6, respectively. By using Eq. (11), their normalisation constants are numerically given in Table 1.

It should be noted that a wavelet, as analogous to the complex exponential function in the Fourier
transform, can be used to represent any signal by expressing it as a sum of products of the wavelet with its
expansion coefficients [15,16]. Thus, the number of side lobes of a wavelet function, which determines the
order of sub-harmonics used in the series sum, is important in representing signals since the more higher-order
harmonics involved in the sum, the more accurate the approximation. As can be seen in Figs. 4 and 5, for the
CW wavelet, there is a significant improvement of the eighth-order derivative with three side lobes to the sixth-
order derivative with two side lobes. For the hyperbolic wavelet, there are no significant improvements in
going from the sixth-order derivative to the eighth-order derivative whose numbers of side-lobes remain
unchanged at two. From Fig. 5, the eighth-order derivative, and Fig. 6, the tenth-order derivative of the first-
order hyperbolic and CW kernels, there are no significant improvements as their numbers of side-lobes remain
unchanged. It should also be noted that the side-lobe and peak magnitude of both wavelets increase as the
order increases. The larger is the peak magnitude, the more concentrated power is at the first harmonic in the
expansion sum, and the more accurate is the signal approximation. Moreover, the larger is the side-lobe
magnitude, the more accurate are the high-order sub-harmonic terms in the sum. From Figs. 3 to 6, it can also
be suggested that the CW wavelets are better than the hyperbolic wavelets by having more side-lobes with
larger magnitude. However, it was shown [9] that the second-order hyperbolic wavelet, which is the negative
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Fourth Derivatives of Hyperbolic and CW Kernels

Value

I

Fig. 3. Fourth-order derivatives of the first-order hyperbolic and CW kernels for f =0 = 1.

Negative Sixth Derivatives of Hyperbolic and CW Kernels
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Fig. 4. Negative sixth-order derivatives of the first-order hyperbolic and CW kernels for f =g = 1.

Eighth Derivatives of Hyperbolic and CW Kernels
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Fig. 5. Eighth-order derivatives of the first-order hyperbolic and CW kernels for f =g = 1.

second-order derivative of the first-order hyperbolic kernel, is more effective than the CW second-order
wavelet by having a finer scale resolution.

From Table 1, it is clear that the hyperbolic and CW wavelet normalisation constants second- up to tenth-order
derivatives become significantly large as the derivative order increases. This means that high-order wavelets can
finely concentrate their energy at the origin which results in relatively smaller side-lobe magnitude compared to
the peak magnitude. This feature can be used to successfully expand certain sections of a wavelet power spectrum
or time—frequency power spectrum to detect fine details or intensity changes in the input signal, of which
amplification is also possible. By saying that, the tenth-order wavelet is more effective than the eighth-order
wavelet because they possess an identical number of side lobes as explained earlier.
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Negative Tenth Derivatives of
x 10* Hyperbolic and CW Kernels

Value
N

Fig. 6. Negative tenth-order derivatives of the first-order hyperbolic and CW kernels for f =¢ = 1.

Table 1
Approximate normalisation constants of the hyperbolic (using first-order hyperbolic kernel) and CW high-order wavelets for f =1 and
g=2

First-order Hyperbolic kernel CW kernel, 6 =2
Second-order wavelet 0.97 1.153
Fourth-order wavelet 4.115 341
Sixth-order wavelet 45.53 17
Eighth-order wavelet 964.13 118.5
Tenth-order wavelet 33,311.44 1064.55

Time-domain studies on high-order hyperbolic and CW wavelets have been discussed in this section. For
completeness, explicit expressions of the negative second-, fourth-, negative sixth-, eighth- and negative tenth-
order wavelets of the nth-order hyperbolic kernel [5,9] are given by Eqs. (24)—(28), respectively

Uiy go(1) = (—Dnp[sech (BN]"{n — (n+ Dsech (BHT}, (24)
o n 2’ 430" +4n+2) n3+6n2+11n+6)
0 =8 (G T~ b oo )’ 23)
[cosh (B0)1°n° — [cosh (BN)]*(3n° + 151* 4 401° 4 601> + 48n + 16)
Vi o6(1) = % +[cosh (BOTP(3n° + 30n* + 1250 + 2921 + 120) + _ 20 (26)
9887 [cosh (Bo)” [cosh (Bn)]* ’

—(n® + 15n* + 85n® 4 2251 + 240n + 120)

8
nps
H=—"
l//Hy_gS( ) [COSh (ﬁt)]n
[cosh (BOTE (17 + 2816 + 3221° + 19601 + 676913 + 13,1321 + 13,0681 + 5040)

—[cosh (B£)]°(4n” + 84n° + 756n° + 3780n* + 11,2561 + 19, 656n> + 18,224n + 6720)
+[cosh (BN)]H(6n7 + 84n® + 546n° + 2100n* + 50401° + 73920 + 60001 + 2016)
—[cosh (BT (4n” + 28n° 4 1121° 4 280n* + 448n° + 2561 + 64) 4 n’



K.N. Le | Journal of Sound and Vibration 304 (2007) 297-325 305

_ (=Dnp"
Yy gi0(1) = fcosh (BOT"

—[cosh (B0)]"(n° + 451 + 87017 4 9450n° + 63,273n° + 269, 3251*
+723,680n + 1,172,700n% + 1,026, 576n + 362, 880)

+[cosh (B (5n° 4 1801 + 285017 + 26, 0401° 4 150, 8857 + 571, 6201
+1,402,9007 + 2, 123,760n> + 1,769, 7601 + 604, 800)

x | —[cosh (B)1°(10n° + n® 4 333017 + 24, 570n° + 118,692n° + 385, 560n* . (28)
4832, 6401 + 1,136, 880n> 4 874, 848n + 282, 240)

+[cosh (BO)]*(10n° + 480n° 4 159017 + 8820n° + 33,096n° + 85, 680n*
+150,9601° + 170,320n> + 113,984n + 32, 640) — [cosh (B2)]*(5n° + 45n°
+240n” + 840n° + 2016n° + 3360n* + 38401 4 2880n° + 12801 4 256) + n’

The nth-order hyperbolic wavelet normalisation constants can be explicitly found by using Egs. (11) and
(24)—(28), which extensively involve mathematical manipulations and therefore is beyond the scope of this
paper. In addition, it is believed that they can be readily found once the kernel order n is specified. In general,
high-order hyperbolic wavelets can be generated from their corresponding kernels by using the following
formula:

d” [‘pﬂyp(l)]

_ (__1\(m_mod_2)
lpHyp(t) - ( 1) (dl‘)m >

for m=2,4,6,..., (29)

where m is the wavelet order and m_mod_2 the modulo of m to 2, i.e. (m = 2) mod 2 = 1. If the modulo of m
to 2 is an odd number (for cases of m = 2,6,10,...) then negativity should be used so that the wavelet is
concave-up and therefore has a positive peak at the origin.

As can be seen throughout this section, high-order kernel derivatives have been shown to be admissible
wavelets. After completing time-domain studies of high-order wavelets, the answer to question 2 raised in
Section 2 is that “negativity” is employed so that wavelets are concave-up functions. This means that their
peaks will be positive and non-zero at the origin, which can also validate them as admissible kernels, providing
that f and ¢ must be specifically chosen to meet kernel constraints 3 and 4 which impose that a function must
possess a unity value under DC condition. Constraints 6 and 7 are also met by symmetrical wavelets since they
are even functions and their odd-order derivative functions have been shown in this section, i.e. third-order
derivative in Fig. 2, to vanish under DC conditions. Moreover, it is more important to note that the fourth-
order kernel derivative is the second-order derivation (second-order Laplacian operator) of the second-order
kernel derivative which means that recursively, the second-order kernel derivative can be considered as an
admissible kernel if it is concave-up, and meets constraints 3 and 4 for some values of f and ¢. Similarly, this
recursive relation can be applied to admissible higher-order wavelets, and as the wavelet order m approaches
infinity, there exist an infinite number of admissible kernels, which are generated from high-order wavelets, for
Cohen’s time—frequency power spectrum formula. It should also be stressed that concavity does not affect the
wavelet expansion sum [15,16]. To satisfy constraints 3 and 4 so that admissible high-order wavelets possess a
unity peak under DC conditions and therefore can be considered as admissible kernels, the parameters § and o
must be set to specific values, which are summarised in the following table for wavelet orders 2—-10 (Table 2).

In this section, second- and higher-order derivatives of the first-order hyperbolic, CW and nth-order
hyperbolic kernels have been discussed in which their expressions and normalisation constants are
mathematically and numerically given. These functions have been graphically presented, and it is clear that
they belong to a ‘“‘crude” symmetrical wavelet group [9]. More importantly, high-order derivatives of
admissible kernels have been shown to be admissible wavelets and it appears that these might perform better
than the second-order hyperbolic and CW wavelets. The wavelet—kernel relationship has been explained via
the meaning of positive concavity and kernels’ even high-order derivative concepts.
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Table 2
Approximate values of f§ and ¢ to generate admissible kernels from high-order hyperbolic and CW wavelets

Wavelet order p o

Second 1 (exact) 2 (exact)
Fourth (1/5)"420.669 J12~3.46
Sixth (1/61)"/6~0.5 120'3~4.93
Eighth (1/1385)"/820.404 16804~ 6.4
Tenth (1/50,521)!1°~0.339 30,2405~ 7.87

4. Frequency-domain investigations of the hyperbolic and CW high-order wavelets by using high-order derivatives
of the first-order hyperbolic and CW kernels

The Fourier transforms of the second-order hyperbolic and CW wavelets were given in Ref. [9] and will not
be repeated here. This section extends the work reported in Refs. [9,14] by explicitly calculating parameters of
the hyperbolic (using the first-order hyperbolic kernel) and CW high-order wavelets so that they can be used to
analyse digital time series. Detailed definitions and meanings of these wavelet parameters were given in
Refs. [9,14] and will not be repeated here. It was also shown in Sections 2 and 3 that high-order derivatives of
the first-order hyperbolic and CW kernels are admissible wavelets, therefore, the terms ‘high-order
derivatives” will be replaced by “high-order wavelets” from this point. In this section, the term ‘“hyperbolic”
kernel means ““first-order hyperbolic™ kernel, i.e. sech(f?), unless otherwise stated. It should also be noted that
a wavelet’s time-based interval, T, is dimensionless, while the sampling interval, (At'), of the digital input
signal is dimensional. Thus a mapping method [9,14] was employed to consistently convert dimensional to
non-dimensional quantities and vice versa. The method is given as [14]

T
= NN (30)

where ¢ and ¢ are non-dimensional and dimensional quantities, respectively.
An expression for a non-dimensional frequency f'is obtained by taking the inverse of Eq. (30), yielding

N(At) aN(AY) ,
S =" =" G1)
The non-dimensional Fourier transforms of the mth-order hyperbolic wavelets are explicitly given by
A ™ Tw
= h 32
l//Hyp_m(w) ﬁ sec <2ﬁ) s ( )
where m = 2,4,6,8,10,..., is the even wavelet order.

4.1. Band-peak frequency

From Refs. [9,14], it should be noted that Eq. (32) is non-dimensional, thus, by using the relation

_ Nuyp_ m(AL)
THyp_m

1

given by Eq. (31), the dimensional expression of the Fourier transform of the mth-order hyperbolic wavelet is
explicitly given by

lpHypm(}()_ie p<_

jNHyp_mnf/(At/)b/> (a NHyp_mnf/(Al/)> m sech (a %M) . (33)

THyp_m T Hyp_m THyp_m
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The wavelet dimensional band-peak frequency is found by equating its first derivative to zero and is
explicitly given by

Zﬁm THyp_m
am®* Nyyp m(AL)

fr= (34)

As can be seen from Eq. (34), the hyperbolic wavelet band-peak frequency is directly proportional to the
wavelet order m which suggests that high-order hyperbolic wavelets can be successfully used at high
frequencies. The second-order hyperbolic wavelet (m = 2) has the lowest band-peak frequency which

determines the lower operating frequency range of the hyperbolic wavelet family.

4.2. Aliasing

To avoid aliasing effects in sampling a wavelet non-dimensionally and the input signal dimensionally, the
Nyquist criterion must be met. The wavelet minimum number of sampling points can be found by using the
following formula [9,14] with the scale a = 1:

” J"”’m (35)

Vi (1)
where f ;\,y = 1/2(A?) is the Nyquist frequency, f, the wavelet band-peak frequency and « the aliasing ratio,
typically in the range of 0<a<0.1 (10%).
By using Eq. (35), and substituting f;vy = 1/2(A¢) and f, [given by Eq. (34)] into Eq. (33), the
mth-order hyperbolic wavelet minimum number of sampling points, Nyyp ,,, is the root of the following
equation:

. (aNHyp_mn2>m cosh (m) _ 36)
4THyp_mﬁm osh (GNHyp_mTC )
4THyp_m,B
When m approaches infinity, from Eq. (36), Nuy,_» is the root of the following equation:
2
o cosh ("N Hyp_m™ ) _ coshmynzgo (37)
aT Hyp_mﬁ m"

in which there are no solutions to Npyp . From Eq. (37), it might be suggested that infinitely high-order
hyperbolic wavelets are not practically useful, leading to a trade-off between kernel and wavelet performance,
as reported in Ref. [5], in which the larger f is, the more effective cross-term-suppression is the hyperbolic
kernel, but the coarser is its wavelet scale resolution. In general, it should be noted that once m, which must be
different from zero, is specified, the wavelet one-sided time-based interval Ty, ,, can be estimated, and hence
its minimum number of sampling points by applying a graphical method [9] to Eq. (36).

4.3. Scale limit

Scales are inversely proportional to frequencies in the frequency domain. For each wavelet, there exists a
maximum scale number that it can display. The larger is the scale limit, the more effective is the wavelet for
broad-spectrum analyses. The maximum scale number used for a wavelet is determined based on the number
of wrapped-around points or end-points of the input signal since these points do not provide useful
information. From Refs. [9,14], the number of wrapped-around points, as a function of the scale «, at one end
is approximately given as

a(N —1)

Nwrap (a) s 2

(38)
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To estimate the maximum scale number of a wavelet, # is introduced as a fraction of the number of
wrapped-around points Ny,p(a) [given by Eq. (38)] and M = 2%, the number of input data points into the
wavelet, to obtain [9,14]

amax(NHyp_m - 1)/2 <

Nyrap (@)
2K ’

M

, and y= (39)

=

Thus, for a given value of Ny, . the wavelet scale limit can be found by using Eq. (39). To obtain a fast
calculation, M should be a power of two which means k should be an integer. It should also be noted that the
smaller M is, the more efficient is the wavelet.

4.4. Scale resolution

The scale resolution of the hyperbolic second-order wavelet was studied in detail in Refs. [9,14] and will not
be repeated here. This section gives an explicit formula for the scale resolution of the mth-order hyperbolic
wavelet or hyperbolic wavelet family. The scale resolution is defined as the distance between band-peak
frequencies of two adjacent wavelets

A

j = e (40)

Uaw, + wg)

where A is the scale resolution ratio, typically in the range of 0 <A< 1. Substituting Eq. (34) into Eq. (32), the
scale resolution of the hyperbolic wavelet order m is explicitly given as

L Q2pmy" cosh <72 5
cosh(m) (2mp + nwg)"

(41)

It is advantageous for the hyperbolic wavelet family to possess explicit formulas for its band-peak
frequency, minimum number of scales and scale resolution, which allow easier theoretical and simulation
investigations, and clearly review properties of different family members when the order m varies. Some
approximations can be obtained.

® For m approaching infinity
The wavelet scale resolution cannot be estimated from Eq. (41). In fact, the ratio 2 must be set to unity so
that the equation remains correct. Thus, it is not practical to increase o to infinity which agrees with what
was discussed in Ref. [5].

® For other non-zero values of m
The scale resolution can be graphically obtained by using a graphical method in 3-D which means that,
from Eq. (41), the intersection(s) of two planes: 4 and

2mpf + nwd>

2pm)” °°Sh< 2
cosh(m) (2mp + nwy)"

are the approximate values of the wavelet scale resolution(s). To obtain a finite solution to the hyperbolic
fourth-order scale resolution, /4 must be set to unity and this condition is applied to all members of the
hyperbolic wavelet family. It should also be noted that the smaller f is, the higher is the wavelet order m,
which is shown in Section 6.
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A total number of wavelet scales ji,.x, as a function of w,, can also be estimated by using the following
formula [9,14]:

jmax :M—F 1, (42)

w
ln( (1) )
Wp(l) — Wd

where ,(;) is the wavelet non-dimensional band-peak frequency at a = 1.

From Eq. (42), the total number of scales can be explicitly obtained once ay,,y is given. The non-dimensional
band-peak frequency w,) can also be explicitly obtained by multiplying the factor nN(A#/T) to the
dimensional band-peak frequencies given by Eq. (34) of the hyperbolic wavelet, and by Egs. (51) and (52) of
the CW wavelet. The fourth-order hyperbolic and CW wavelet total numbers of scales are numerically
estimated in Section 6.

5. CW high-order wavelets

In this section, the CW fourth-order wavelet will be studied in detail in which its parameters are explicitly
given in Section 5.1 along with some useful approximations for extreme values of ¢, and numerically estimated
in Section 6. The CW sixth-, eighth- and tenth-order wavelet parameters cannot be obtained because of the
involvement of extensive mathematical manipulations which is beyond the scope of this paper. However, their
Fourier transforms are briefly given by

a2
J/no exp( 7 >
Vews(®) = = (02w2 + 1260 — 20 + 12), (43)
e
/7o exp ( 2 >
Vews() = po (¢’ +300%" — 6000 - 30) — 600 +120), “+4)
—ow?
X A/ TTo EXP (—4 ) ()'4(1)4 + 5603603 _ 120’2602(0' _ 70) 45
Vews(@) = p —3360w(c — 10) 4 126> — 16800 + 1680 )’ (#3)

‘zcwm(w) =

+60cw(c? — 2520 + 1260) + 10806% — 50,4000 + 30,240

—O'Cl)z
A/ Tta eXp (4> (05(,05 + 900’4(,()4 _ 2063(,03(0 — 126) — 36002a)2(36 — 70) ) (46)
o3 |

The relation w = nN(A?)f/T is used to convert a non-dimensional frequency w to the dimensional
frequency f, yielding the dimensional expressions of CW wavelets as

g (a_”N cwa(AL)f /> 2]

Janoexp |—
» , 4 Tcwa  Newst(ADf'Y
Yews(f) = 5 eXp| —J T Tews
CW4

g

NN 2 VAN
« [Gz<aﬂNcw4(Af)f) +120_(a7TNCW4(AZ)f> et 12|, @7)

Tcws Tcws
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NN 2

o y Tcws . NCW6TE(AI,)f,b/ 3 T[Ncws(Al‘/)f/ 3
= exp| —-j——-2 )| 0’| a———
Yews() = p(—J Towe ) ( Towe )
N 2 AV
+300° <a M) — 60(c — 30) (aw> — 600+ 120 |, (48)
T'cws Tcws
N 2
R R——
. cws
Yews(w) = o
N 4 VAN NN 2
ot <a”NC7V:/8(At )f> 4 560 <a7ch7\§/8(Al )f> _ g2 <a”Nc]\§/8(Al )f> (o — 70)
cws cws cws “)
X 9
A
—3360(c — 10) (aM) +126% — 16800 + 1680
cws
/76 exp <_() 256 (M) 2)
. ' Tcwio
Yewio(w) = P
I N A\ A\
55 <a7f cwio( l‘)f) 4 900 (anNcwm( l)f)
Tcwio Tcwio
AY 7N 3
—20¢° (aM) (6 — 126) — 3606%w*(30 — 70) . (50)
CW10
N, ALY
+600(c? — 2520 + 1260) <a7TCTWl0()f> + 108002 — 50,4000 + 30,240
CW10

5.1. CW fourth-order wavelet

The hyperbolic and CW fourth-order wavelets were graphically presented in Section 3 in the time-domain.
Their frequency domain representations are also given in Fig. 7 in which the CW fourth-order wavelet exhibits a
“negative” frequency power spectrum for “negative” frequencies while the CW second-order wavelet possesses a
positive frequency spectrum for the whole frequency range which can be suggested that high-order hyperbolic
wavelets might be useful for optical pattern recognition using a joint transform correlator [18]. The hyperbolic
second- and fourth-order wavelets possess positive spectra whose peak positions might also affect the optical
correlator performance. However, this paper is devoted to studies of high-order hyperbolic and CW wavelets and
therefore performance of optical joint transform correlators will be addressed in a separate publication. The CW
fourth-order wavelet parameters are explicitly given in this section, and also numerically estimated in Section 6 for
p = 1/o = 0.5. It should be noted that there might exist different numerical values for a wavelet parameter in
which the largest is chosen. However, for a wavelet, its time-based interval 7 is unique.

5.1.1. Band-peak frequency
Similar to Section 4.1, after some mathematical manipulations, the dimensional wavelet band-peak
frequencies are given by
DoTcwa

= 0TCWd 51
fpl anNcwa(At) ’ D)
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Frequency plots of hyperbolic second- and fourth-order wavelets

-10 -8 -6 -4 -2 0 2 4 6 8 10
Frequency samples

Fig. 7. Normalised frequency-domain representations of the hyperbolic and CW fourth-order wavelets for f = o = 1.

where
Do = L [ (2 — 40)'3 —4+2(°'7+6?/3 ,
o (2¢ —40)
) Tcws 2,3 2
=——— /(D) £-=(D 2
s anNcw4(At/)V( 1) 4( 2)”, (52)
where

lc| = v/2(a3 + 1862 + 1080 + 16),

g (2c — 40)'/3

1 ((2c — 40)'/3 c+6
Dy =~ 1/3
2 (2¢ — 40)

+4>, and Dzzl<(2c—40)1/3— Ao +6) >
o

5.1.2. Aliasing

Three different minimum numbers of samplings points can be obtained from three different band-peak
frequencies given by Egs. (51) and (52). The first minimum number of sampling points, obtained by using f;l,
can be found by applying the graphical method to the following expression:

(D* 4+ 12D — 26 + 12)exp(—D* /4)

(N CW4_ITLO ) > 6N cw4_ 10 N %w4_1 o
exp| —————
16(Tcw4)

(53)

o =
— 20+ 12

2T cwa Tcowa
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where

1 {(2c—40)'/3 +6
p_L{Gez40" o 4.
o 2 (2¢ — 40)

The identical second and third numbers of sampling points, found by using f’ ;,2 and f;,3, are given by

(N CW4 270 ) * 6N CW4 270 ( (News am)’o )
exp| ——="7—

—20+12
2Tcws Tcews 16T %y,
o= . (54)

3D2 3D2 o1/4D? + 3D3
a2(D%+42>+12m/D%+42—2a+12 VLT

8
The following approximations are obtained for ¢ approaching zero and infinity.

exp| —

® For o approaching zero
We obtain, ‘DO_small‘ = ‘Dl_small‘ = ‘DZ_small‘ = [Dgman| — o0, and Csmall ~ 4ﬁ Moreover, with a known
wavelet order, the time-based interval Tcws can be graphically estimated. The wavelet band-peak
frequencies therefore become

, 2.17T cwq
A, 55
fplfsmdll CZTCNCW4(AZI) ( )
, 16T cwa , 4.22T cwa
o d . 56
prismdll (/lTCNcw4(AZ/) » an fp3751'ndll aﬂ.’Ncw4(Aﬂ) ( )
The aliasing ratios, given by Egs. (53) and (54), become
Niws 720\ 0.1106544012 x 1077

exp( — T ) & , (57)

16TCW4 0l1_small

(Ncwa 2m)’o
02,3 small ReXp| ———75— |» (58)

( leT éw4

in which the wavelet minimum numbers of sampling points can be numerically estimated by using its
approximate time-based interval Tcwy. From Eq. (58), it should also be noted that, when ¢ becomes
infinitely small, its right-hand side becomes unity which also forces the left-hand side, o, to unity, yielding
no solutions to Ncws 2. Thus, Eq. (57) should be mainly used to numerically estimate the minimum number
of sampling points under this condition.
® For ¢ approaching infinity

We obtain, cjarge ~ 0+/26 — 00, and Dy jarge = D1 _targe = D2_large = Diarge = 0, yielding near DC band-peak
frequencies [Egs. (51) and (52)] and infinite minimum numbers of sampling point [from Egs. (53) and (54)],
which are not practically useful. Thus, for practical purposes, this condition should not be employed as also
discussed in Ref. [5].

5.1.3. Scale limit
For a chosen value of #, the wavelet scale limit a,,,,, can be numerically estimated (Section 6) by using Egs. (38)
and (39) once the minimum number of sampling points is estimated by using Eqgs. (53) and (54), respectively.
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5.1.4. Scale resolution
The non-dimensional band-peak frequency, which must be used to estimate the wavelet scale resolution, is found
by multiplying the factor nN(A¢')/T to the wavelet band-peak frequencies given by Egs. (51) and (52), yielding

w])l =" (59)

and

) (60)

where E = /D £3D3.
By using Egs. (59) and (60), the wavelet scale resolutions, obtained by using its three different band-peak
frequencies, are roots of the following Eqs. (61)—(63), respectively,

2(cC1/3 +4C"P +6C'"P +2C*3 + 4¢ — 8 + 202 + 240 + 4aC1/3)

A+40’0w,, C'3 + dowyic — 800wy + o202, C?B 20 e + 8¢
(%1(40 + 0wy C'3 —8C"3 424 + 201/3)>
X exp ’

4¢3 (1)

2F
(62E? + 120E, — 20 + 12) exp ((wdz+1)0wdz)

4
0202,y +200,y(E10 + 6) + ET + 126E — 20 + 12

(62)

where E| = y/D} £3D3,

) 2F
(GZE% + 120E, — 20 + 12)exp (w)

4
G203 + 200,4(E20 + 6) + E3 + 126E, — 20 + 12

E,=/D}—3D3, C=2c—40,

A =400,C'3(6+ C'3) =164+ 4C*? +26C*3 +8C"3 +86C'/3 + 480 + 45°.

Similar approximations are obtained to numerically estimate the scale resolutions.

(63)

where

and

® For g approaching zero
We obtain, |Csmall| ~ 4\/5, ‘Doismall‘ - ‘Dlismall‘ - |D27small‘ - ‘Dsmall‘ - Elismall = EZﬁsmall_’ 0,
Coman® —28.7, |C'?|~3.06, |C*3~9.37 and |Agnanlx —16+4C'?+8C'3~46. By using these values,
Eq. (61) becomes

)~ 0.9997 exp(18.26041 smatl), (64)

which yields a fine scale resolution of wg_gman~2 x 107°. Under this condition, Egs. (62) and (63) do not
yield solutions to the wavelet scale resolutions.

® For g approaching infinity
We obtain

Clarge ~ OV 20, DOflarge = lelarge = D27Iarge = Dlarge =E =E—0,
yielding
Clarge ~ 2C> (Clarge)2/3'\“1'26ay (Clarge)l/3 ~ 1-120'1/29
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and Alargez402. Thus, Eq. (61) becomes

. 10.52 exp(5.826' 4+ 0.9041 jaree0)
5.660!/2 + 1.260603“_121@e '

(65)

From Eq. (65), the scale resolution can be numerically estimated by locating the intersection(s) of two
functions: y; = (5.660'/? + 1.260(3 1,,,.)4 and y» = 10.52exp(5.826" > +0.90y1_jarge0). It should be noted
that as ¢ increases, solutions to wy jaree are more difficult to obtain because y, approaches infinity for
6>10. Egs. (62) and (63) also do not yield solutions to the scale resolutions.

® For other values of ¢
The wavelet’s first scale resolution can be found by using Eq. (61) and is plotted against ¢ and 4 in Fig. 8 for
2x107<0<10, and in Fig. 10 for 10<0<50. For > 50, the scale resolution becomes very coarse and
approaches unity for large values of ¢. The second and third scale resolutions are numerically estimated by
using Egs. (62) and (63), yielding

(0a2 + 11.6)w2
Xp —2

Y 5 , (66)
4wy, + 70.53w, 4 181.43
which does not yield a solution to w,», and
((wd3 + 7.5)60d3>
Xp —
A~ (67)

“ 7 402, + S, + 112.206°

which does not yield a solution to w ;.

I% 25
03.35 10

Fig. 8. CW fourth-order wavelet scale resolution (“&” axis) for 2 x 107°<o<10 and 0< /<1 (vertical axis).

Fig. 9. Contour plot of Fig. 8, 4 is vertical axis. The scale resolution can be read across to “d”’ axis on graph.
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Fig. 11. Contour plot of Fig. 10. The scale resolution can be read across to the “d” axis on graph.

Table 3

Approximate parameter values of the CW fourth-order wavelet

Parameter ¢ approaching zero ¢ approaching infinity Other values

Band-peak frequency, f, Egs. (55) and (56) Zero (DC) Given in Section 6

Minimum number of sampling points, Ncwa Egs. (53) and (54) Depending on Tcwg

Scale limit, @payx Depending on Ncwg

Scale resolution, wy 2x107° — 0.32 at g~ 3, and 0.15 at 6~ 10

For the CW fourth-order wavelet, as can be seen in Figs. 9 and 10, its coarsest scale resolution of
approximately 0.32 is obtained at 0~ 3. For 10<a <50, the scale resolution becomes finer with the coarsest of
about 0.15 (Fig. 11) at 6~ 10. Thus, it is clear that as ¢ increases (ff decreases), the scale resolutions of the CW
high-order wavelets decrease, and become finer. This is consistent with what was reported in Refs. [5,9,19] in
which increasing o (decreasing f for the hyperbolic kernel) reduces the CW kernel’s effectiveness in
suppressing cross terms and noise robustness, but improves its auto-term support and wavelet scale
resolutions.

Table 3 summarises numerical values of the CW fourth-order wavelet for ¢ approaching zero and infinity.

6. Numerical example

In this section, minimum numbers of sampling points, band-peak frequencies, scale limits, scale resolutions,
and maximum numbers of scales of the fourth-order CW and hyperbolic wavelets are numerically estimated,
given the sampling time interval (A7) = 0.2 ms, aliasing ratio « = 0.01 (1%), f = 0.5, ¢ = 2, and time-based
interval 7 which can be graphically estimated for each wavelet. Comparisons among Morlet, second- and
fourth-order hyperbolic and CW wavelets are also given. From Fig. 3, the hyperbolic and CW fourth-order
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wavelet time-based intervals are graphically estimated as Twyp 4= Tcwa=x 3. From Eq. (36), the minimum
numbers of sampling points for the fourth-order hyperbolic wavelet (m = 4) are the roots of the following
equation:

2
0.01 — ( Nuyp 4 X T cosh (4) 68)

4
4xT 4> 7N\’
X 1L Hyp 4 X ﬁ X cosh ( NHyp_4 X T >
4 x Thyp 4 X f

approximately yielding two solutions to Nyyp, 4 of 1 and 4, of which Nyy, 4~ 4 is chosen. From Eq. (34), the
hyperbolic fourth-order wavelet band-peak frequency is given by

) 2x05x4x%x3 __ 1521.36

Thypa =" = :

an’ x4 x (0.2 x 1077) a

(69)

For the CW fourth-order wavelet, the minimum numbers of sampling points can be obtained by using
Egs. (53) and (54). For ¢ = 2, we obtain, D~0.68, Dy~x2.79, D;~4.4 and D>~ —2.64, hence, Eq. (53) becomes

14.
0.01 = - k 5 ; (70)
(L1NGyy | + 12.56N oy | + 8) exp(—0.137Ng vy, )

which does not yield a solution to Ny, |- From Eq. (54), the second and third minimum numbers of sampling
points are roots of Eq. (71) -

0.01 = 0.053(1.1N 2y 5 + 12.56N ey 5 +8) exp(—0.137N2y, ), (71)

which yields an approximate solution of Ny, , & 7. From Egs. (51) and (52), the CW fourth-order wavelet
band-peak frequencies are therefore given as

2.79 x 3 1904
ax314x7x02x1073 a

, 3 / 5, 3 5 3384 , 2565.5
~ 4.4 —(2.64) ~ — A~
fCWp2 ax3.14x7x02x1073 44"+ 4( 64) a ’ and fCWp3 a ’ (73)

of which f'y,; ~ 1904/a and f(y,, & 3384 /a are chosen as its minimum and maximum band-peak frequencies,
respectively.

To numerically estimate a wavelet maximum scale number a,,x, it should be noted that band-peak
frequencies can also be scaled down to approximately 30 Hz, which can be increased or decreased depending
upon a particular application [14]. From Eq. (69), the hyperbolic wavelet maximum scale number is
numerically given as

Sewp = ; (72)

SHpd _ 1521.36 ~
max 30
From Egs. (72) and (73), the maximum scale numbers of the CW fourth-order wavelet are numerically
given as

51. (74)

1904 2565.
g = 1904 63.5, and aS™* _ 29655 gsis. (75)

max | 30 max3 — 30
By using Egs. (38) and (39), respectively, for the hyperbolic and CW fourth-order wavelets and assuming
that y = % [Eq. (38)], their minimum numbers of input data points M can be numerically estimated. For the
hyperbolic fourth-order wavelet, by using a!¥P* ~ 51 from Eq. (74) and Npypa~4 from Eq. (68), its minimum

number of data points My, is approximately given as

SIx@—1)

Muyps = 2F =
Hyp4 1/3

>459, (76)



K.N. Le | Journal of Sound and Vibration 304 (2007) 297-325 317

which should be chosen as Myyps = 512, yielding kyyps = 9 for a fast calculation. It should also be noted that
since Nyypsa~4 is small which might not be sufficient to sample the wavelet, a higher value might be chosen to
improve its sampling which might yield Myyp4 = 1024 and kpyps = 10.

For the CW fourth-order wavelet, by using aSV4 ~ 63.5 and a{W4 ~ 85.5 from Eq. (75), and News 2~7

max 3
from Eq. (71), its minimum numbers of input data points, Mcws4 | and Mcwa », are approximately given as
63.5x(7—1 85.5x (7—-1
Mowa 1 =26 =32 X0 =D 113 ind Mews 2 = 22X T =D 1549, (77)
- 1/3 - 1/3
which should be chosen as Mcwa = Mcewa 1 = Mcews » = 2048, yielding kcw = 11 for a fast calculation.

in this c ~ CW4 CW4 .. ime
Thus, in this case, either a;)\" or a5 can be employed to estimate Mcwa.

A wavelet scale resolution can be estimated independently of its band-peak frequencies, maximum number
of scales, minimum number of sampling points N and input data points M. For the CW fourth-order wavelet,
its scale resolutions were numerically estimated in Section 6. For the hyperbolic fourth-order wavelet, by using
Eq. (41), and p = 0.5, its scale resolution is the approximate root of the following equation:

4~ 00964 cosh (4 + 3.140 %)
” (1.274 + o™

; (78)

which yields only one solution of w,/¥*~ 107 for . = 1.

To calculate the total number of scales j.x, the non-dimensional band-peak frequency at @ = 1 (for the
mother wavelet) must be obtained. For the hyperbolic fourth-order wavelet, by using Eq. (34) with § = 0.5, we
obtain

P4 — M ~ 1.274, (79)

yielding the wavelet approximate total number of scales jmax of 51 x 10°. It should be noted that the finer the
wavelet scale resolution, the larger its total number of scales j,,, Which establishes a trade-off between them.
Thus, depending on the nature of a particular application, a finer scale resolution or a larger total number of
scales is chosen. By using Egs. (51) and (52) with ¢ = 2, for the CW fourth-order wavelet, its dimensionless
band-peak frequencies are given as

oSV~ 2.8, (80)

o~ 645, and  w;"* ~6.26. (81)

Table 4 summarises numerical parameters of the hyperbolic and CW fourth-order [9] wavelets. For
comparison purposes, numerical parameters of the Morlet wavelet with wy, = 5.0rad/s, hyperbolic and CW
second-order wavelets are also given.

Fig. 12. Hyperbolic wavelet scale resolution (“d”’ on graph) for 6 <m<8.
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1000 0.0001

Fig. 13. Hyperbolic wavelet scale resolution for 30 <m<10°.

500000 1e05

Fig. 15. Hyperbolic scale resolution for 3 x 10*<m<3 x 10°.

As m increases to 6, the hyperbolic wavelet scale resolution becomes finer and approximately approaches
3 x 1077 as can be seen in Fig. 12. For 8 <m <30, it is undefined. For 10° >m> 30, it is graphically displayed in
Fig. 13 in which empty regions correspond to prohibited ranges of m. For 10°<m<5 x 10%, the scale
resolution is graphically plotted in Fig. 14.

As can be seen in Figs. 12-14, for the hyperbolic wavelet family, increasing the wavelet order m does not
always yield a finer scale resolution. In fact, for certain values of m, its wavelet scale resolution is undefined or
infinite. For 10*<m<3 x 10%, from Fig. 14, its wavelet scale resolution is undefined. For 3 x 10°<m<3 x 10°,
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Fig. 16. Hyperbolic scale resolution for 3 x 10°<m<3 x 10°.

Table 4
Approximate parameter values of the Morlet wavelet [9] with @, = 5.0rad/s, and second- and fourth-order CW wavelets with ¢ = 2 and
2=09

Wavelet T N Amax M Wy Jmax
Morlet 3 17 49 4096 0.459 42
Second-order CW 5 13 29 2048 0.3246 14
Second-order hyperbolic 10 9 38 1024 0.2066 11
Fourth-order CW 3 7 85.5 2048 0.15 190*
Fourth-order hyperbolic 3 4or7 51 512 or 1024 107* 51x10°

For the hyperbolic wavelets, f = 0.5 and A = 1.
“The largest total number of scales among 82, 190 and 185 estimated by using Egs. (80) and (81).

it becomes finer as less broken stripes are present as can be seen in Fig. 15. For m>3 x 10°, it becomes finer of
approximately O(10~°), compared to Fig. 15, as can be seen in Fig. 16, which is a significant improvement over
hyperbolic wavelets with lower orders of m<3 x 10% even though these do possess fine scale resolutions. It
should also be noted that there are still empty regions in Fig. 16 which might suggest that these hyperbolic
wavelet family members still possess undefined scale resolutions which can be avoided by not choosing the
order m in its prohibited ranges, listed as: 300 <m <500, 800<m<10%, and 10*<m<3 x 10*.

One disadvantage of the hyperbolic wavelet is that to obtain a very fine scale resolution, a very large wavelet
order m must be used. However, the fourth-order hyperbolic wavelet possesses a fine scale resolution of
approximately 10~ and a total number of scales of 51 x 10° (Table 4). For applications of which a finer scale
resolution is required, the fourth- and higher-order hyperbolic wavelets can be employed at the expense of
having a larger order m and total number of scales. It is also important to stress that the hyperbolic wavelet
family scale resolution decreasing rate of O(10%) is slower than its order m of O(10°), and more importantly,
yielding a slower increasing rate of O(10%) for its total number of scales jyax» Which should be small to reduce
computational burden. From Table 4, the fourth-order hyperbolic wavelet, even though possesses a larger
total number of scales compared to those of the CW wavelets, has a much finer scale resolution which is its
prime advantage. Moreover, the second-order hyperbolic wavelet also has a finer scale resolution than that of
the CW second-order wavelet as shown in Ref. [9].

7. Experiments

The Duffing oscillator is used in this section as a typical example to show the effectiveness of high-order
hyperbolic and Mexican-hat wavelets. The sym3 wavelet is used as a benchmark for comparison purposes. The
Period 2 (as shown in Figs. 17-21) and chaotic states (as shown in Figs. 22-26) of Duffing oscillator are
studied using high-order hyperbolic and Mexican-hat wavelet transforms and wavelet power spectra to
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Fig. 17. Magnified time-domain waveform of Duffing Period 2 and a contour plot of its WPS using the sym3 wavelet.
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Fig. 18. Time-domain waveform of Duffing Period 2 and contour plot of its hyperbolic WPS using the fourth-order wavelet.

effectively show energy distributions of the input waveform. The wavelet transform (WT) is given in Eq. (2),
from that the wavelet power spectrum (WPS) is mathematically given by [13]

WPS(1, ) = WT(t,0) WT*(1,0) = [WT(t,0)|". (82)

The WT and WPS are used to study signal behaviour because of their ability to effectively show the signals’
energy distribution [13], especially for chaotic detection. From Figs. 17-21, it is clear that high-order
hyperbolic and Mexican-hat wavelets show consistent results in which the periodicity of the waveform is
successfully revealed with the presence of repetitive energy-concentrated contours. It should also be noted that
the hyperbolic wavelets yield a larger number of scales (about 250 compared with 90) and a finer resolution
than high-order CW wavelets as expected, except the fourth-order hyperbolic wavelet which shows limited
information about the input signal. From Fig. 19 subplots (b) and (c), it is clear that the tenth-order
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Fig. 19. Contour plots of the hyperbolic WPS of Duffing Period 2 waveform using the sixth- and eighth- and tenth-order wavelets as
shown in subplots (a), (b) and (c), respectively.
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Fig. 20. The CW WPS using the fourth- and sixth-order CW wavelets.

hyperbolic and CW WPS yield a larger total number of scales and an improved scale resolution than the
eighth-order WPS, which validates the conclusion made in Section 3. It is also evident that the tenth-order
hyperbolic wavelet yields a slight improvement compared with the CW wavelet with a finer scale resolution.

From Figs. 22-26, the hyperbolic and CW high-order wavelets successfully reveal a broad energy
distribution of the Duffing chaotic waveform, except the fourth-order hyperbolic wavelet. However, it should
be noted that this particular wavelet can still be used to study Duffing oscillator because of its distinct
differences between Period 2 and chaotic states as clearly shown in Figs. 18-23. For chaotic detection, the CW
wavelets reveal a short “periodic period” in Duffing oscillator which can result in misleading information
about the waveform, whereas, the hyperbolic high-order wavelets clearly shows a broad energy distribution
with random harmonic peaks which is typical in chaotic waveforms. This suggests that high-order hyperbolic
wavelets are more suitable for chaotic detection than CW high-order wavelets.
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Fig. 21. The CW WPS using the eighth- and tenth-order CW wavelets.
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Fig. 22. Time-domain of Duffing chaotic waveform and a contour plot of its WPS using the sym3 wavelet.

8. Conclusions and further work

The meaning of kernel even-order derivative and positive concavity concepts has been discussed in which
only even functions were shown to be admissible wavelets. Positive concavity has been employed so that
wavelets have positive peaks at the origin and also satisfy kernel admissibility constraints which validate them
as admissible kernels for Cohen’s time—frequency power spectra. Moreover, for wavelets to be admissible
kernels, their parameters f and ¢ must be numerically set to specific values so that their peaks are unity under
DC conditions. For example, the Mexican-hat and hyperbolic second-order wavelets can be considered as
admissible kernels only for ¢ = 2 and f§ = 1, respectively. As a result, it was shown that there exist an infinite
number of admissible symmetrical high-order wavelets, yielding an infinite number of kernels for Cohen’s
time—frequency power spectra.

The negative second-, fourth-, negative sixth-, eighth- and negative tenth-order derivatives of the CW kernel
and mth-order derivatives (where m is the even wavelet order) of the first-order hyperbolic kernel have been
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Fig. 23. Contour plots of the hyperbolic WPS of Duffing chaotic waveform using the fourth- and sixth-order wavelets.
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Fig. 24. Contour plots of the hyperbolic WPS of Duffing chaotic waveform using the eighth- and tenth-order wavelets.

explicitly expressed and shown to be admissible wavelets. This allows time—frequency signal processing and
wavelet analyses to be correctly linked together which means that new kernels can be found from new wavelets
and vice versa, provided that these kernels and wavelets satisfy their admissibility constraints. In the
time domain, the hyperbolic and CW wavelet normalisation constants of orders 2-10 have been explicitly
expressed and numerically estimated for f = ¢ = 1. In the frequency domain, the mth-order hyperbolic and
fourth-order CW wavelet parameters, including band-peak frequencies, minimum numbers of sampling
points, scale limits, scale resolutions and maximum numbers of scales, have been explicitly obtained and
numerically estimated for f = 0.5 and ¢ = 2. It was also shown that the higher the wavelet order, the finer its
scale resolution, and the larger its total number of scales. Prohibited ranges of the hyperbolic wavelet order m,
yielding undefined scale resolutions, have also been identified. Periodic and chaotic detection in the Duffing
oscillator has been successfully carried out using high-order hyperbolic and CW wavelets which shows their
effectiveness in studying signal behaviour. This is also useful for crack detection in rotors. It has been shown
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Fig. 25. Contour plots of the CW WPS of Duffing chaotic waveform using the fourth- and sixth-order wavelets.
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Fig. 26. Contour plots of the CW WPS of Duffing chaotic waveform using the eighth- and tenth-order wavelets.

that the tenth-order hyperbolic and CW wavelets are more effective than the eighth-order wavelets a larger
number of scales and a finer scale resolution. More work on using the WT and WPS in crack detection is also
in progress.

The CW sixth- to tenth-order wavelets have only been briefly discussed because extensive mathematical
manipulations are required to obtain their explicit frequency parameters, which is beyond the scope of this
paper. Further work on CW high-order wavelets is worth investigating and will be presented in a future
publication. Throughout this paper, it has been shown that high-order hyperbolic and CW wavelets possess
finer scale resolutions and are more effective than the second-order hyperbolic and CW wavelets. Higher-order
wavelets can also find new applications with further improvements in image processing such as coherent
structure detection in turbulence and biomedical signal such as the ECG [12,13], edge detection, image coding
[10] and noise reduction [20,21], astrophysics [22-25], plasma physics [26-28], filter banks and wavelet
transform calculation efficiency. Some works toward these areas are currently under progress.
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